Wiener defined an integrated Fourier transformation and proved that this transformation is an isometry from the nonlinear subspace '5liV(R) of %R2(R) consisting of functions of bounded average quadratic power, into the nonlinear subspace GW(R) of V(IR) consisting of functions of bounded quadratic variation. By using two generalized Tauberian theorems, we prove that Wiener's transformation W is actually an isomorphism from .)2(R) onto 'V2(R). We also show by counterexamples that W is not an isometry on the closed subspace generated by 6V2(R).
Introduction. The purpose of this paper is to find out how Wiener's generalized harmonic analysis [18] fits into the framework of contemporary functional analysis.
Then the set of functions for which the limit on the right-hand side of (1.1) exists and is finite is a nonlinear subspace of the linear space 21(R). Similarly, we can define the classes of functions 91P(R) and 'V\(R). Both 91P(R) and SVt(R) are normed linear spaces when two functions in any one of the spaces whose differences have norm zero are identified. Marcinkiewicz [13] and independently Bohr and F0lner [3] showed that 6XP(R) is complete, but the question of the completeness of cV?(R) has been open.
In ?3, we show that ?I(R) is complete for 1 <p < oo. For this, we find that all usual methods of proving completeness (cf. e.g. [5] , [12] ) fail. We have to appeal to the theory of helixes in a Banach space X, i.e. continuous functions x(.) on R to X such that for all a, b, t E R, Ut{xb-xa} = xb+t-xa+t, where {Ut}eR is a strongly continuous group of isometries [8] , [14] . Using results from the theory of helixes, we are able to show that each equivalence class in St'(R), 1 <p < oo, contains a function in LP(R). This enables us to get hold of a limit for any Cauchy sequence in 'V?(R), 1 < p < oo.
The case p = 1 has been considered by Nelson recently [17] ; he showed that Y(R) is isometric isomorphic to the space of countably additive, Borel measures on R with finite variation. Hence S(R) is also complete.
Equation ( Finally, we observe that the Wiener transformation W is also a bounded linear operator from MPR(R) into cVI" (R), 1 <p < 2, i/p + l/pr = 1.
ACKNOWLEDGEMENT PROOF OF THEOREM 3.7. Let f E 'VPf(C). Then A,f E LP(C). Let g, H and S be defined as above. Since f is measurable and A,f is integrable on C, Tonelli's theorem applied to (AJr)+ and (AJf-shows that H is measurable. In addition, the expression for H shows that H is additive and periodic on R, so that it is identically zero. This implies that S is measurable and hence S is a constant a.e. Therefore f=g+ Ca.e.andf ELP(R). O By using Theorem 3.7 and the same argument as in Theorem 3.6, we obtain THEOREM 3.8. For 1 < p < o0, 'VP (C) is a Banach space. 
Tauberian theorems. In proving the identity (1.1), Wiener introduced a fairly general form of Tauberian theorem which applies to functions in QS(R). In this section, we will consider two similar types of theorems which apply to functions in
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For any T, a > 0 and for any f E S +, the substitution x = t/ T shows that f(Tx) dx = a aT J f(t) dt) < a. PROPOSITION The proof is complete by taking the limit supremum on T. El We remark that the function h(x) = 12sinex/7rxP , x > 0, 1 <p < oo, satisfies the hypotheses in Theorems 4.5 and 4.6. We leave the simple verification to the reader. This function will be considered throughout the rest of the paper. We use the same notation as in the proof of Theorem 4.6 with h(x)= (2sin2x)/ rx2 and C2 = maxx;Oxh(x) < 1. We assume that 0 < e < 1 -C2 and let 8 
Let h be a positive decreasing integrable function on [0, oo). Then (i) fo?f(Tx)h(x) dx < f 'h(x) dx for allf E S +, T > 1, (ii) limnaO f a0f(Tx
